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Remarks on the Kinetics of Enzymes with Interacting Effector 
Molecules. Tests of a Configurational Hypothesis in a 
Quasi-Equilibrium Model* 

Edward Whiteheadf 

ABSTRACT: A rather general theory for the interaction of 
effector molecules bound to oligomeric enzymes is proposed 
and formulated mathematically. The essential postulates of 
the theory are that the binding (and in the case of a substrate, 
the catalysis) of an effector by a protomer depend (apart 
from possible steric interactions) entirely upon what configura- 
tion the protomer has adopted, and that this configuration 
influences the configuration adopted by other subunits 
in the oligomer. The nature of this interaction is not further 
specified. 

Thus the theory includes the models of Monod et a/. 
( J .  Mol. Riol. 12, 88 (1965)) and Koshland rr a(. (Bio- 
chernisrrj 5 ,  365 (1966)) as special cases. Tn the context of 
this theory simple verifiable consequences of the hypothesis 
that two ligands be bound to one configuration, and to that 
configuration only, are derived. Six different cases arise 
according to whether either effector is o r  is not a substrate 

P resent thinking about the mechanisms of interactions 
between molecules bound to enzymes emphasizes the idea 
of changes in the three-dimensional conformation of all 
or part of the enzyme molecule as mediating these interactions. 
It is assumed that an enzyme molecule is capable of existing 
in more than one conformation, and that the different confor- 
mations behave differently toward the ligands. The view, 
rather widely accepted at  present, that the enzymes which show 
biologically significant interactions between ligands are as a 
rule oligomeric, and that the conformation adopted by any 
subunit influences that adopted by others in the same mole- 
cule, allows and explains interaction between ligands bound 
to sites on different polypeptide chains. 

In order to relate these ideas to experimental data (we 
shall be concerned here mostly with kinetic data) in a quan- 
titative way, it is necessary to make further assumptions 
concerning the nature and properties of these configurations, 
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of the enzyme, and to whether the two effectors are bound 
to the same site on  a protomer or to two different sites. 
The predictions take the form of equations involving (a) 
an arbitrary function immediately obtainable from the 
experimental data and (b) one or two arbitrary constants 
according to whether one or two sites are involved. Methods 
for comparing the predictions with experimental data are 
given. They are easy to apply. The predictions are independent 
of the nature of the interaction between the subunits and are 
applicable without any knowledge about these interactions 
in any given system. It is also shown that if the differences 
between a set of members of a set of configurations of a 
protomer are such as not to be recognized by other protom- 
ers in the enzyme molecule, then the kinetic behavior 
of such a set greatly resembles, but is not identical with, 
that of a single configuration. Aspects of this behavior are 
investigated in detail. 

and to examine the consequences of these assumptions 
mathematically. Monod et al. (1965) and Koshland et  al. 
(1966) have made important contributions in this sense. 
The unambiguous comparison of the mathematical predic- 
tions of such theories with experimental findings can, how- 
ever, be a difficult matter. 

In this and subsequent papers we formulate the problem 
in a more general way than those authors and obtain predic- 
tions which, if tested, would seem to permit practically 
unambiguous inferences about ce1 tain underlying events 
at  a molecular level. 

To see the difference between the present approach and that 
of the above-cited authors, it is necessary to formulate our 
model and the main aims of our mathematical treatment. 

Section 1. The Model 

The following are the assumptions of the model. Consider 
an enzyme with q protomers. Any protomer is capable of 
existing in an unspecified number of configurations, each 
different in affinities for ligands, catalytic constants, and other 
properties. For a given configuration, T, of a protomer there 
exist (q 1) species, T,, where i protomers are in the config- 
uration T. In the absence of ligand, the concentration of each 
species T,, is specified by an equilibrium constant, L,. where 
(T,) = Lt(To) (note Lo = 1). We shall make no special assump- 
tions concerning these constants. The rate constants of inter- 
conversion between different configurations are supposed 
rapid in comparison with that of decomposition of bound 
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substrate into product of the reaction catalyzed by the enzyme. 
Except where specifically stated, there are no interactions 
between ligands other than those due to a tendency for a 
protomer being in a particular conformation to influence 
the conformations adopted by other subunits in the same 
molecule. This influence is expressed in a series of constants 
such as Li. 

A ligand binding to a given conformation of a subunit 
naturally stabilizes that conformation. This influences the 
conformation adopted by other subunits in the same mole- 
cule, which in turn determines the interactions between those 
subunits and ligands. The result is interaction between ligand 
molecules bound to different subunits. 

The hypotheses that have to be made in theoretical discus- 
sions if we want to apply our model to the complete descrip- 
tion of the kinetics of a particular system can be analyzed 
into three types. 

Hypotheses about the Constants Li. In general, one will 
seek from physicogeometrical considerations to express all 
the L, in terms of a single or  a limited number of arbitrary 
constants. For  instance, Monod et al. (1965) make the sim- 
plest possible assumption, that Li = 0 for all i except i =0, 
and i = q. The model of Koshland et al. (1966) uses physico- 
geometrica! assumptions about the interactions at  the surfaces 
of contact between protomers in a tetramer to obtain the 
Li in terms of two underlying constants. There are many 
alternative assumptions that could be made (Whitehead, 
1970a). The models of Monod et al. (1965) and Koshland 
et al. (1966) are thus special cases of our generalized model, 
where we make no particular assumption about the Li (and, 
in consequence, cannot give a complete description of the 
kinetics of any system). In  order for there to be interaction 
between sites on different protomers it is necessary that the 
distribution of any configuration be other than binomial, 
i.e., that 

where L is a constant for the equilibrium of any protomer, 
the same in all species (Ti), between the T state and all other 
states. 

Hypotheses about the Number of Conjiguraiions, Their 
Properties and Their Relationships. Examples of such hypoth- 
eses might be that a given configuration binds two given 
ligands w and $, or that a configuration which binds w fails 
to bind 9, or that only some of the configurations which 
bind w bind $, etc. 

Hypotheses about the Binding Sites of Ligands. For two 
given ligands we shall in general have in mind two possibilities: 
(i) that there exists, per protomer, one site capable of binding 
either of the ligands (the one-site hypothesis); and (ii) that 
there exist, per protomer, two sites, each specific for one of 
the ligands (the two-site hypothesis). We shall ignore the 
possibility that there exist more than one specific site for 
any ligand in the protomer. The reasons for this are: firstly, 
that this hypothesis does not in general give rise to the simple 
and practical equations that we are able to deduce from the 
hypothesis of one site per ligand per protomer; secondly, 
symmetry considerations make it impossible in principle 
that there can be more than one site with given properties 

in a protomer. Admittedly there may well be cases where 
there is more than one site per protomer for a given ligand, 
each site having different properties (and notably different 
specificity) but these cases will in general have the unfortunate 
mathematical properties mentioned above, and are probably 
rather the exception. 

It will be convenient to be able to refer easily to each of 
these three types of hypothesis, and we shall designate them, 
respectively, interaction- (I), configuration- (C) and site- (S) 
type hypotheses. 

To obtain analytic equations for the velocity in terms of’ 
the concentration of substrates and effectors (and a certain 
number of constants), it is necessary to make hypotheses 
of types I ,  C, and S all at  once. The aim of the mathematical 
development of this and future communications is to show 
that our generalized configurational model where we do not 
make any hypotheses of type I makes precise predictions for 
appropriate hypotheses C and S. The predictions made 
concern the relations of the velocities observed under different 
circumstances and consist of equations containing arbitrary 
functions f’and g, which functions can be determined experi- 
mentally (they are velocities, a,  expressed as a fraction of the 
velocity under the limit condition either of substrate satura- 
tion, us ,  or  the absence of effector, co, under some standard 
conditions). The advantages of this method of proceeding 
are (1) it gives equations which are relatively simple and 
easy to test when the appropriate data are gathered; (2) 
comparison of these equations with data allows a conclusion 
about the application of C, S hypotheses to a given system 
which is independent of any I hypothesis. At the present 
state of the science such hypotheses (e.g., the configurational 
symmetry hypothesis; Monod et a/., 1965) are still contro- 
versial. Of course, all the present results could be obtained 
from some narrower theory such as that of Monod et a/. 
(1965), and should some such theory become established as 
universally valid the full generality of the present treatment 
would become in a sense superfluous, though its results 
would probably retain some usefulness. Even then, it would 
still be important to know upon which assumptions the results 
we shall obtain depend, and not to take any agreement 
between the predictions and experiment as support for any 
particular I-type hypothesis. 

Mathematical Development 
The plan of the following treatment is: in section 2 we 

shall consider the mathematical expression of the above 
postulates as applied to a single ligand binding to a config- 
uration T. The equations obtained in this section are necessary 
in the development of the theory, though not themselves 
greatly useful in direct application to experimental situations. 
In  section 3 we consider various instances of the hypothesis 
that two ligands are bound to the same configuration, T, 
of the protomers. This gives the essential results of this paper, 
namely, simple relations easily applicable to experimental 
data. (In future papers we shall examine other possible 
relationships between configurations binding two ligands.) 
Having established the usefulness of the approach, we examine 
in more detail and generalize in section 4 the notion of a 
configuration. (Readers who find the mathematics trouble- 
some might do well to skip the mathematical arguments 
(some of which are presented in appendices), reading this 
section for its conclusions first.) 
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Section 2 .  Mathematical Formulation of the Binding from eq 4 
to Enzyme of a Single Ligand Bound to T Only 

a 
A ligand w is supposed bound to the configuration T of a 

TQl and TQo, a protomer with one and with zero molecules 

c i L , ( 1  + B,w)' 

P ( 5 )  
protomer only. Consider the following reaction between (T) = LEO-- - - - ~ 

q C L * ( l  + BW(L')I of w bound, respectively i = o  

then 

G, the fractional saturation of the enzyme by w, is equal 
to the fraction of protomers capable of binding w, ;.e., (T), 
multiplied by the fractional saturation of such protomers, 
given by eq 2 .  

- 
(TI ( 6 )  4.0 Q = -~ 

1 B,w where B, is an  association constant for w ,  the same for all 
protomers in the T state. It follows that if T is the total concen- 
tration of protomers in the T state which can be written as 

and 

(Tal)  B,u 
(2) We now seek equations for the effect of the ligand on the __ = ~- 

velocity of the enzyme-catalyzed reaction. ( T )  1 + B,w 

First we take the case where the ligand is not a substrate Now consider the species T I .  The Probability that all of the (such a ligand will be denoted y). L~~ the species T, be char- sites be unoccupied is the product Of the acterized by a velocity constant, k , ,  at any given concentration 
of substrate (this in general can include a contribution both probabilities for each separate protomer, i .e.  

(Tin,) is the concentration of molecules (Ti) with r mole- 
cules of w bound, thus (T ino)  is that with no molecules of w 
bound. 

from the protomers in the T state and from those in states 
other than T-here we will refer to the ensemble of all such 
states as the "R state"). Then 

(There is in fact a binomial distribution of on the where u o  is the velocity in the absence of y and k is a velocity 
constant characteristic of the enzyme unoccupied by y ; 
equal in fact to 

available sites such that 

and eq 3 can be obtained by summation of the binomial 
series.) From the definition of Li in the preceding section, 
3 becomes 

Substitution of eq 4 in the above equation gives US, for the 
effect of y on c 

We may now easily obtain equations expressing, as a 
function of W ,  the fraction (T) of the total number of proto- 
mers which are in the configuration T, the fractional saturation 

of the enzyme by w ,  and the velocity, u. 
The assumption here that T i  can be characterized by a 

single velocity constant as a function of i at constant substrate 
concentration is not obviously appropriate when y is a 
competitor for the substrate site. In this case, and assuming 
y to be bound only at substrate sites, the kelocity of catalysis 
by Ti can be decomposed into two components: ( 1 )  That 
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due to  the protomers not in the T configuration; this will be 
characterized by a single velocity constant we shall call 
pi .  The velocity due to these protomers in TI is then pt(Ti). 
(2) That due to protomers in the T configuration. A protomer 
in this configuration and unoccupied by y will have a char- 
acteristic velocity constant 7. The contribution of protomers 
in the T form in T i  would then be i7(T1) were it not for the 
steric effect of y. If there is full competition, such that a 
protomer binding y is without activity, then this quantity 
must be multiplied by the fraction of sites unoccupied by y,  
i.e., l / ( l  + B’,(y)), where B’,  is the effective association 
constant for y, equal in fact to  B,/(l + B.(x)), x being the 
substrate concentration. Thus, for the total velocity UT; due 
to  Ti 

It follows that 

(Note that the ki used in eq 8 are equal simply to p 4  + ir. 
k in eq 9 has the same significance and value as before.) 

If the steric effect on substrate binding is not absolute, so 
that a protomer combined with y still retains a finite velocity 
constant, TU say, then instead of eq 9 we have 

Finally, if the ligand whose effect on u we are examining 
is the substrate, x, then u/u,  (where vs is v at  saturating concen- 
trations of x) is equal simply to the fractional saturation of the 
enzyme by x, Le., an expression of the form of that in eq 6. 

Section 3. Two Ligands Bound to the Same Configuration 

In this section we consider the question: What, in the 
context of our model, are the observable consequences of the 
binding of two ligands to the same configuration T of the 
protomers and to that configuration only? 

We have to consider six cases, according to whether the 
two ligands being compared are (1) two modifiers, defined 
as nonsubstrate effectors; (2) a substrate and a modifier, 

or (3) two substrates; in each case (i) the one-site and (ii) 
the two-site hypothesis must be considered. 

The following argument immediately tells us what behavior 
to expect in cases of the one-site hypothesis. A molecule of 
either of the two ligands if bound by T and T only will, 
once bound to an enzyme with a given fraction T of its 
protomers in that state, shift to exactly the same extent the 
equilibrium between T and other configurations. Since the 
nonsteric interactions between ligands are supposed due to  
these shifts, the corresponding free energies of interaction 
between bound molecules would be the same for each of the 
two ligands. The equations that follow from just such a 
situation can be derived without reference to the underlying 
mechanism and are eq 17-19, 21, and 23-27 of this paper 
(E. P. Whitehead, unpublished work). Here however we 
shall derive these equations from the configurational theory 
and also establish the formulas for the corresponding two- 
site case which cannot be done from the above thermody- 
namic postulates alone. 

Effects on T of Two Effectors 
The common basis of the results for all six cases is best 

understood by considering first of all the effects on T. Call 
T in the presence of w ,  (T),, and define a function 3 such that 

Then 3(w) is equal to the expression on the right-hand side of 
eq 5 .  Then in the absence of w and presence of another ligand 
J., bound also to T, (T)+ will be given by the identical eq 5 
except that everywhere in place of w we must write J.. That 
is, starting from eq 5 ,  we obtain (T)+ by means of the trans- 
formation 

In other terms 

where a = B*/BW. This is true for both the one-site and the 
two-site hypotheses. The behavior is different for these two 
cases, however, when both ligands are present together. 

(i) The One-Site Hypothesis. In this case it is readily seen 
that 

and by the same argument as in section 1 it follows that 

Thus, for the one-site hypothesis 
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(ii) The Two-Site Hypothesis. In  this case 

therefore 

The presence at  constant concentration in the system of any 
number of ligands besides w and $ does not have any effect on  
eq 13-16 (though these ligands in general influence the 
function 3). A change in the concentration of any such 
ligand may change 3 but will not change the constants in 
these equations except in the two-site case if it is bound to 
the w or $ sites. In  the first case B+ will be unaffected but 
a, = ao(l + BXx), where a, is the value of u at concentration 
x of a third ligand. If x is bound to the $ site then &/a does 
not change with x but 

an 
a, = ~ 

1 + BXX 

and similarly 

We shall now use these results in consideration of the six 
cases that arise. 

Section 3a. The Equations for u 

Case 1. Two Modifiers 
If the two modifiers are not bound to the substrate site, 

u /uo  depends uniquely on  T, and it follows immediately that 
if, for the velocity cy in the presence of modifier y alone, we 
define a function g such that 

then, for a modifier z bound to T only 

where here a = BEJBy, and for the one-site hypothesis (case 
1 (9) 

whereas for the two-site hypothesis (case 1 (ii)) 

These results could also have been obtained by obtaining 
the equations analogous to eq 8 and comparing them. Using 
eq 10, this procedure shows that eq 17-20 are also true when 
the modifiers are bound to the substrate site, provided that 
u is the same for the two modifiers. In other words, the 
condition of the above relations is that not only the corre- 
sponding free energies of intersite (allosteric) interaction 
but also those of steric interaction with the substrate must 
be equal for the two modifiers. 

Equations 19 and 20 contain a function g. The value of g 
for any argument y is known (or of g (e ,  eo) for any argument 
c/uo) experimentally; from eq 17 it can be read off the curve 
of c ' co  cs. y in the absence of z. Apart from this numerically 
known function, there are only one and two arbitrary con- 
stants appearing in eq 19 and 20, respectively. The 
same i s  true in the other four cases we shall now treat. 
It should not be too difficult to test such simple relationships 
and to evaluate the arbitrary constants. The tests are discussed 
in subsection 3b. 

Case 2. Suhstmtr and Modifier 
By being bound to the configuration which binds the 

substrate, the effector displaces the equilibrium in favor of 
that configuration (at least if the cooperation between proto- 
mers is positive) and such a modifier is, therefore, in the 
appropriate conditions, an activator. 

( i )  Zn the one-si/e cuse we shall have an instance of the 
well-known effects of activation by a substrate competitor 
at sufficiently low concentrations of both and inhibition at 
sufficiently high concentrations of either (see Whitehead, 
1970a, p 366). The activation is purely an effect on T, while 
the inhibition is an effect (competition) on  the activity of 
protomers in the I' state. i l c s  is given by multiplying the ex- 
pression for competitive inhibition by T, the fraction of the 
enzyme available for catalysis. 

where here a = By/&. 

If we call L ; / L ' ~  in the absence of y ,  ,f'(x), this function is equal 
to the right-hand side of eq 12. Comparison of this expression 
with the above equation shows that 

(ii) In the two-site case, the complication of competition 
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does not arise and eq 11 holds. Therefore, in the presence of 
the allosteric activator 

Case 3. Two Substrates 
( i )  The One-Site Case. This corresponds to a case of two 

alternative substrates. From the point of view of one substrate, 
the other is simply our activator-inhibitor acting in the same 
way as the modifier considered in case 2 (i). I t  easily follows 
from the considerations of case 2 (i) that if for x alone 

then for w present alone 

(a = B,/BS 

In the presence of both substrates, we have for the rate of 
decomposition of x 

and for that of w 

and hence for u/u., which we shall call f(x,w) 

The expression in 28 is unchanged by the simultaneous 
substitutions 

This fact is expressed by the equation 

where a = BJB,. 

36. Application of the Results of 3a 
We now discuss how the equations of the previous sections 

can be used in the analysis of experimental kinetic data. 
Case 1. We first consider the case of the two effectors 

present each in the absence of the other. We have already 
concluded that the free energies of interaction between y 
molecules and z molecules (and between these and the 
substrate) are the same. Therefore, u plotted us. log (y) or 
log (z) will give parallel curves. This equally follows from 
eq 17 and 18, for these equations can be written as 

whence 
and for the total rate u 

(ii) The Two-Site Case. We could consider here the case of 
two different substrates whose reaction could be catalyzed 
separately a t  two different sites. The treatment of such a case 
is obvious from cases 2 (ii) and 3 (i). The more natural and 
interesting example of the two-site hypothesis for two sub- 
strates, however, is that of two mutually reacting substrates. 
We shall consider here only the case of a diiect reaction 
between two substrates, where there is a random order of 
addition and the simultaneous presence of both substrates 
on a protomer is necessary for reaction. This will suffice to 
illustrate the principle; naturally, many of the possible 
variations of mechanism for reaction between two substrates 
whose kinetics for enzymes with noninteracting protomers 
have been analyzed (e.g., Cleland, 1967) are possible here 
too. For our case the velocity of catalysis of a protomer in the 
T state, as a fraction of its maximum rate, is 

where 

I$ = log g-1 

We see that the distance apart of the parallel curves is log a 
(see Figure 1). 

(i) Although once a has been determined from the above, 
then knowing the curve g, the value g((y) + a(z)) predicted 
for the one-site case (eq 19) is easily obtained for any y and z 
and the prediction tested, this calculation is not even necessary. 
At a fixed concentration of z the curve of ujoo us. y when 
eq 19 is obeyed is simply a section of the curve g(y), the 
origin of the y axis being shifted a distance (a(z)) along the 
original y axis. It will be seen from Figure 2 that after such a 
shift the point on  the vertical axis corresponding to a concen- 
tration y1 of y is g((y1) + a(z)). 

The quantity n, “Hill’s exponent,” defined for a modifier y 
by 

ny E d log( y ) / d  U - uo log y 
U,y - 
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q + a z )  - 

1 

.-.-.___.. ._....____._____..._-----. j \- cs. (x) in the absence of y. 
(ii) We now discuss eq 22. In the first place we may notice 

4 

V - 
" 0  

0 I 
l o g y  o r  l o g z  ---+ 

FIGURE 1 : The effects on c/c0 of two modifiers bound to the same 
configuration (case 1) when plotted logarithmically. 

where oBy is the velocity a t  saturation by y, is often used in 
reporting the kinetics of enzymes with interacting sites. It is 
a consequence of eq 19 that for any value of u/uo there exists 
a single-valued function of U/UO, n(u/co) for which FIGURE 3 :  Plot of g-l(c/co) L'S. (2) when two modifiers are bound to 

different sites. but to the same configuration of the enzyme. See 
text (section 36, case 1 (ii)) for explanation. 

ny + nz = n(oic0) 

whatever the concentrations of y and z. 

as follows: let eq 20 be written in its inverse form 
(ii) The equation for the two-site case, eq 20, may be verified 

When y is fixed, a plot of g-l(o/o0) os. (z) is linear, and this 
plot, at  several values of y, generates a family of straight 
lines. (For any value of u/oo ,  we must again emphasize, the 
value of g-l(uia0) can be read off the curve of v/co us. (y) in the 
absence of z.) From the above equation, when (y) = 0 we 
shall have a straight line through the origin, aiz. 

and this line meets any other where 

i.e., where (2) = - l/Bz. This means that all of the lines meet 
in a point (see Figure 3); the projection of this point on the z 
axis gives - l/&. Moreover, since the slope of the line through 
the origin is B,/By, the projection of the same point on the ver- 
tical (g-l(u/o0)) axis is - l/By. We thus have an easy means of 
recognizing the kind of behavior predicted and determining 
the constants By and B,. 

Case 2 (i). In order to confront experimental data with 
eq 21, it is necessary to determine the constant, a. This is 
best done by a series of measurements at  saturating concen- 
trations of either effector, when eq 21 reduces to 

FIGURE 2: The effect, when present together, of two modifiers 
bound to the same configuration and the same site. See text (sec- 
tion 3b, case 1 ( i )  for explanation. 
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TABLE In 

T 

(T9 
R 
Tt 

a configuration (or set of configurations) 
of a protomer; also the concentration of 
protomers in the state T 

a member of the set T 
all configurations other than T 
the species of enzyme molecule with i 

subunits in the state T;  also the concen- 
tration of that species 

the concentration of protomers in the state 
T3 contained in molecules T, 

a protomer in state T, with r molecules of 
w ,  or r molecules of w and s of $ 
bound, respectively; also the concentra- 
tion of that species 

Ti with r molecules of w or r molecules of 
w and s of $ bound, respectively; also 
the concentration of that species 

Ligands (whether substrate or nonsubstrate 
undefined); also concentration of those 
ligands 

substrates 
nonsubstrate effectors 
the fraction of protomers in the state T 
T at concentration w of the ligand w 
the fractional saturation of the enzyme by 

w (similarly X = fractional saturation 
by x, etc.) 

a constant of equilibrium between (T,) 
and (TO) (see section 1)  

a constant of equilibrium between (Ti1) 
and (To) (see section 4) 

the total number of protomers per enzyme 
molecule 

the concentration of enzyme molecules 
reaction velocity 
the velocity in the presence of y, or of both 

0 at zero concentration of a given ligand 

- 

y and z, respectively 

B"j 

U 

b 

ax, bx 

ki 
k 

6? 

u at saturation by substrate 
u at saturation by w 
the velocity due to T, to R, to TI, etc. 
the association constant for binding of w 

to  a protomer in the state T 
the association constant for binding of w 

to a protomer in the state T3 
the ratio of the association constants for 

two ligands, e.g. ,  B+JB,, defined sepa- 
rately in each particular case 

an effective association constant, defined 
in section 4 

the effective a and b at concentration 
x of a ligand x 

the velocity constant of catalysis by Ti 
a velocity constant for catalysis by the 

enzyme in the absence of ligands (see 
section 2) 

the velocity constant of catalysis by the 
protomers in the state R in Ti 

the velocity constant of catalysis by a 
protomer in the state T 

the velocity constant of catalysis by a 
protomer in the state T3 

an effective velocity constant defined in 
Appendix A 

the velocity constant for decomposition into 
product of the complex (TIX) 

functional operator expressing the de- 
pendence of T on ligand concentration, 
defined in section 2 

a functional operator expressing the con- 
tribution to vjuo of the protomers in the 
R state, as a function of ligand concen- 
tration 

overall constants appearing in equations 
for u, defined in Appendix 1 

an arbitrary variable 

Q An index placed immediately next to an unbracketed symbol, e.g., Li3, B:, etc., never signifies, in this paper, an exponent, 
but always the specialized meaning given in this table. 

Le., the action of the substrate obeys the Michaelis law. This 
fact allows the easy determination of B,, and hence the func- 
tion 3 can be obtained since, in absence of y, 

By can be evaluated, and the equation checked by essentially 
the same method as for eq 20 

should be plotted against y. This will give a family of straight 

lines with a common point whose projection on the y axis is 

Instead of determining B, first, we could equally define 
3(x) = u/uSy when y is absent and plot 3 - l ( u / u S y )  us. (y), though 
the first method seems preferable. 1 

- l/By. 

1 The plot proposed and used by Buc (1967) and Buc and Buc (1967) 
for the analysis of the same configurational hypothesis as here, but in 
the context of the particular interaction hypothesis of Monod et al. 
(1965), is essentially a special case of the method proposed here. Instead 
of using the information contained in the experimental curve of (x) 
cs. (x) in the absence of y, they use an analytical function which fits that 
curve. Provided this one curve can be fitted by a function of this form, 
the configuration hypothesis alone will (if true) ensure the linearity of 
the other curves in the plot and their convergence to a point, Thus the 
latter properties of the plot do not provide independent evidence in 
favor of this particular interaction hypothesis. 
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Case 3 (i). The One-Site Case. As already observed, the 
second substrate in this case acts in exactly the same way as 
the modifier in case 2 (i). If the two velocities of each substrate 
can be determined separately, then the same analysis as for 
case 2 (i) can be applied. 

(ii) The Two-Site Case. The constants B, and B, in the two- 
site case are easily estimated since eq 28 predicts that at a 
sufficiently high concentration of (x), c/os as a function of 
(w) is expressed by the Michaelis expression and cice cersa. 

Once therefore these constants are known, experiments to 
verify eq 29 are easily planned. In expt 1, let a curve of c/c, 
as a function of y at a fixed concentration xI of x be obtained. 
Then in expt 2 at a fixed concentration of w equal to Bx(x1)IBx, 
let the curve of L,’c.  as a function of x be obtained. Then the 
observations of the two experiments are connected by a 
relation of the form 

if eq 29 holds. This relation may then be tested for as many 
different values of x1 as we please and will hold for each of 
them if eq 29 is true (though .fi will change with xl). 

Section 4 

Having established that useful formulas can be obtained by 
the consideration of binding to one configuration, T ,  we must 
now ask whether this concept of a single configuration can be 
generalized. It seems in fact unlikely that there would exist 
a single configuration binding a given ligand; rather, we 
should expect the ligand to be bound more or  less by each 
of a population of configurations. We must then ask if such a 
population can behave in essentially the same way as a single 
configuration. If so, the results developed above will remain 
useful and we can usefully speak of “a configuration T,” it 
being understood that T is really a population of configura- 
tions. It is, for instance, obvious that an  ensemble of different 
configurations all binding a ligand with the same constant 
of binding can be regarded as a single configuration from the 
point of view of the treatment of section 2. If a second ligand 
were also bound to this same set of configurations, its associa- 
tion constant also being equal for all the configurations, 
then the whole of the results of section 3a obviously apply. 
What other conditions allow that the results established above 
for a single configuration T remain exactly true when T is in 
reality a population of configurations ? 

Consider the population of protomers in the state T then 
to consist of protomers in different states (TI), where . j  can 
take as many different values as there are configurations 
composing T. Let the constant of binding to a protomer in the 
state (Tj) of ligands w and + be called B,j, B+j and let, in 
the absence of ligand, the equilibria between (To) and (Tj) 
be characterized by equilibrium constants Li’ such that 

where (Til) is the concentration of protomers in the configura- 
tion (T’) in the population Ti. 

Then relations 13-16 hold in the one-site case when 
either of the following conditions, and in the two-site 
case when the second holds: (a) B+ji’B,j is independent of 
. j ,  i.e., these configurations select in the same way between 
the two ligands; (0) other protomers do not recognize the 
differences between the configurations (T3) so that the relative 
proportions (T1):(Tz):(T3). . , .are the same in (Ti), 
(T?), . . . . .(Tu). (Any configuration (TI) is then distributed 
among the i protomers of T, binomially.) One of the conse- 
quences of this hypothesis is that for any pair of configura- 
tions (Tj:) and (TJ?),  (Lij ):(LL12) is independent of i. 

A proof of the statement concerning hypothesis a above 
need not be given here, but a formal proof of that concerning 
hypothesis b will be given before considering it from an 
intuitive point of view. 

On hypothesis b, since the configuration of any protomer 
in Ti does not influence that taken by any T protomer, the 
concentration of a Ti molecule with its subunits in configura- 
tions (Tjl), (TJ?j , , (Tjl), where the j ,  are not necessarily 
all different, will be equal to 

in the absence of w and 

in its presence. Since T ,  is the sum of all possible such species, 
in the presence of w 

Eachj, takes all of the possible values of j ,  so that this reduces 
to 

from our initial remarks. Hence 

note that this is of the same form as eq 5 .  Similarly, in the 
one-site case 
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and likewise for the two-site case 

eq 31 is obtained from eq 30 by the operation of the substitu- 
tion 

(33) 

and eq 32 by the substitution 

The coefficients of I) in eq 33 and of $ and a$ in eq 34 are 
constants, so that eq 15 and 16 are obeyed, where 

and where it will be preferable to write in place of B+ a 
constant 6. 

3 

We may note here that the presence in the system at 
constant concentration of ligands other than w and $ does 
not affect the essential eq 13-16, but a change in the concen- 
tration of these ligands may affect the constants a and b as 
detailed in Appendix 2. 

A special case of the two-site situation crops up when 
there is no configuration binding both w and $, i.e., for all j 
either Bw3 = 0 or B+’ = 0. Then b = 0 and, as could be 
expected intuitively, a behaviour identical to that of the one- 
site case results. 

The above arguments, then, establish the validity of eq 
13-16 for (T) under the stated hypotheses. For  the relation- 
ships concerning u which are the main result of section 3, 
to hold it is necessary that u depend in a sufficiently simple 
way on (r). Detailed investigation (by methods illustrated 
in the appendices to this paper) shows that of the six cases that 
arise, the equations obtained in section 3a remain true in all 
one-site cases on hypothesis a ,2  and on hypothesis b in cases 
2 (i), 3 (i), and 3 (ii). In the remaining three cases new equations 
are obtained but they are closely related to those already 
obtained, to which in a number of special cases they reduce. 

2 In  case 3 (i), however, for relations 23-27 to hold on hypothesis a, 
it is also necessary that the ratios of catalytic constants for the two 
configurations, kxj,lkGv7, be independent of j .  

FIGURE 4: Illustration of possible physical basis for hypothesis 
a of section 4. w and $ represent two sterically related ligands, 
pictured bound by one configuration in part a,b and a different 
configuration in part c,d. The configurations are not different in 
the region of steric difference between the ligands. 

It is, for instance, intuitively apparent that in case 1 (two 
nonsubstrate effectors), if the T state is inactive or if all the 
configurations (T’) have an  identical activity, then u /uo  will 
depend uniquely on  (T), and hence the appropriate relations 
of section 3a remain unmodified. As the practical interest 
of the full equations for the cases in question seems (with the 
possible exception of case 2 (ii)) limited, they are dealt with 
in the appendices to this paper. 

A physicogeometrical basis for hypothesis a could occur 
if the two ligands were sterically related and the different 
configurations (T3) not different in the region of the protomer 
in contact with the sterically different parts of the ligands 
(see Figure 4). As regards hypothesis b, it must be assumed 
that the differences between the configurations (TI) are not 
sufficient in the region of effective contact between the proto- 
mers to affect other protomers differentially. 

Note that on hypothesis a,  the behavior of the population 
resembles that of a single configuration only in the rather 
superficial sense of giving agreement with eq 13-15 and the 
corresponding relations of section 3a. Thus, if the differences 
between configurations binding w are recognized by other 
protomers, then we can only write equations of a form which 
is not in general of the same form as eq 5 .  On the other hand, 
hypothesis b gives equations like 30 which is identical in form 
with the corresponding eq 5 for one single configuration T. 

That T, under the second and more interesting condition, 
should behave like a single configuration is understandable 
intuitively. Consider an isolated protomer capable of adopting 
different configurations (T’) in accord with the initial assump- 
tions of our model. Ligands would displace equilibria between 
different configurations, but the results of this would all be 
of a type familiar from the standard kinetics of protomers, 
partial o r  complete competitive and/or noncompetitive 
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effects described by already well-known equations. If now 
the protomer is not isolated but present in an oligomeric 
structure, changes between configurations (Tj) produce, by our 
hypothesis, no effect on other protomers. A protomer free 
to adopt all the configurations (Tj) therefore behaves like a 
protomer in a single configuration T, upon which competitive 
and noncompetitive effects like those mentioned above can 
take place while it is this configuration. For this reason, the 
equations describing these effects contain expressions of a 
classical type which appear as multipliers of the function 
giving (T); as shown above, this function remains of the 
same form as in (eq 5) .  (T) fulfills the same role here as (ET?, 
the total quantity of enzyme, in the classical kinetics of isolated 
protomers. All of this may however be more clearly under- 
stood after a study of Appendix 1 .  

A characteristic form of behavior of systems obeying 
hypothesis b is that at  saturating concentrations of at  least 
one of the ligands binding to T only (/‘.e., to configurations 
(TI) only), no cooperativity is observed for the kinetics of any 
of the ligands bound to T only. This is because all protomers 
are then practically always in one or other of the configura- 
tions (Tj), the configuration of any protomer not under these 
conditions, however, affecting that of any other. The behav- 
ior is therefore identical with that (at saturating concentra- 
tions of one of the ligands) of a system of isolated protomers 
able to adopt a series (TI) of configurations. This reasoning 
is confirmed in the results arrived at  in Appendix 1. 

Discussion 

For all of the six cases that arise, we have been able to 
arrive at a simple kinetic test of the hypothesis that two 
ligands are bound to the same configuration of the enzyme. 

These tests have several advantages. Firstly, they are simple. 
They involve only one or two arbitrary constants. Moreover, 
in cases where the equations are obeyed, it is possible to 
obtain a ratio of association constants in the one-site cases 
and, more usefully still, two association constants in the 
two-site cases. In the further kinetic investigation of mecha- 
nism of intersite interaction (i.e., of “I” hypotheses), it 
could be useful to have these constants, deduced in a manner 
independent of any specific I hypothesis. A point related to 
the advantage of simplicity is that the tests can be made 
highly exacting. Consider eq 17-20, for instance. They may 
be tested under any given conditions by the methods of 
section 3b. If they hold, one may then change the concentration 
of some third effector, or the substrate, and under these new 
conditions again test the relations. The function g will change 
but the relations should remain true if the initial hypothesis 
is. Moreover, the constants will (save exceptions already 
noted) retain the values already found. If the relations and 
the values of the constants can be shown to hold over a 
whole range of conditions, the hypothesis can be said to have 
survived an exacting test. Of course, it would be possible for 
the relationships to hold under certain conditions and to 
fail under others. This would be an  indication of the presence, 
in negligible amounts in some conditions but in significant 
amounts in others, due to stabilization bq an effector, of 
configurations which differentiate between the two ligands 
in a manner different from the configuration T-this 
would be information worth having. 

The approach used here could, of course, be used for other 

configurational hypotheses. The one investigated in this paper 
is simply an illustration of the approach, a useful (because 
simple) and important one. But for other configurational 
hypotheses, relations of the kind illustrated here could be 
obtained and in many cases would be easily applicable. 

The application of the methods suggested in this paper 
need not be confined to kinetic studies. Instead of c, any 
conveniently measurable physical parameter which is likely 
to be affected by changes of configuration could be measured. 
It would be necessary simply to decide whether the parameter 
is expected to depend upon (?I, upon <I or some other function. 
The present equations could then be used, or, in the last case, 
other appropriate ones derived. The results obtained for 
different parameters would not necessarily confirm each 
other in a simple manner. Thus, a set of configuiations which 
had exactly the same properties toward ligands and so, from 
a kinetic point of view, could be regarded 
uration, might have quite different properties with respect 
to some other parameter, and Gice cersa. The exact relation 
between configurations as studied kinetically and as revealed 
by other physical measurements is in itself an exciting and 
as yet little explored domain of experimental research. 

Granted that the assumptions of the model are wry 
general. there are nevertheless different assumptions that 
could be made, and there is no theoretical or experimental 
assurance that those made here arc necessarily true. A 
question that must therefore be asked is: Would agreement 
with the predictions of section 2 constitute support for the 
general assumptions of the model as well a s  for the specific C 
hypothesis they are designed to test ‘? 

It is first as well to be clear about the role of the notion of 
a “configuration” in the kinetics of ligand interactions in 
enzymes. As this notion is used in kinetics, it means no more 
than a state of a protomer with a characteristic set of phqsical 
constants expressing its interaction with ligands and with 
other configurations. On this operational definition of ii 

“configuration,” it is practically an ci pricJri nccessitb to 
invoke the concept in theories of interaction (probably few 
workers a t  this time, however. would hesitate to go beyond 
the operational definition in regarding a configuration as  
signifying a three-dimensional conformation of a poly- 
peptide chain), Therefore, C hypotheses will arise in all 
possible models. 

To answer the question posed would require the definition 
of other models and the investigation of their properties. 
This is to be the subject of a later paper. It can however for 
the present be stated that the binding of two ligands to the 
same configuration will give the same formulas a s  obtained 
here in a wide category of models, probably all of those 
where the interaction of a protomer with a ligand is deter- 
mined uniquely- by the former’s configuration. Therefore, 
while the formulas derived from the present type of analysis 
do not help in discriminating between different models, 
they are of very general utility for the testing of C hypotheses. 

Appendix 1 

The Equations Giuen by Hypothesis b of Section 4 
In this appendix we shall state and discuss those equations 

given by hypothesis b of section 4 which are different from 
those arrived at  in section 3 ( ; .e . ,  cases 1 (i), 1 (ii), and 2 (ii)). 
We shall then illustrate their derivation by means of one 
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example only, that of case 1 (i). Essentially the same methods 
can be used for all six cases. 

In the general case where the appropriate interaction 
hypothesis for a system is unknown, and where there are no 
other simplifying factors, testing of these equations may be 
discouragingly complicated. For this reason we shall not 
enter here into the question of testing, though some sugges- 
tions are given in a manuscript deposited in the National 
Auxiliary Publications Service. The interested reader may 
care to note that, even in the general case, the constants a and 
b can always be obtained, provided that the two saturating 
velocities always involved are different, since at  high enough 
concentrations of the effectors the equations assume a simple 
form containing these constants. The equations may be most 
useful in cases where there is more information available, 
e.g., information about interaction hypotheses, information 
from nonkinetic methods about some of the constants 
involved, and in cases where there are simplifying factors, 
some of which we shall note here, where the equations 
simplify. 

Case 1 (i). The general equation for this case is most 
conveniently written in the form 

where (R is an arbitrary function expressing the contribution 
to u of the protomers in the R state, E is the total concentration 
of enzyme, .?. and P are constants 

r j  being the velocity constant for catalysis by a protomer in 
the state (Tj). u,, and us. are the limiting values of L; at satu- 
rating concentrations of the respective effectors, values which, 
as the form of eq A1 shows, are independent of the concen- 
tration of the other effector. In terms of the properties of the 
configurations 

We now note some special cases. First, when the T state is 
a catalytically inactive state (whether or  not the substrate is 
bound to it), .?. = uSY = uBz = 0 and the second term of A1 
vanishes and we are left with eq 17-19 without modification. 
This is a case where y and z are inhibitors, capable of total 
inhibition at sufficiently high concentration. Secondly, if 
r1 is independent of j ,  then uBY = vsr and we again have eq 

When the R state is completely inactive, y and z are acti- 
vators and the first term may be omitted from A l .  The 
resulting equation can, in principle, be tested (Whitehead, 
1970b). 

17-19. 

Case 1 (ii). The general equation for this case is, analogously 
to 1 (i), of the form 

where u ’ ~ ,  and v’** represent the saturating velocities in the 
presence of the respective ligand alone. These, of course, are 
given by the expressions in eq A2 above. In contradistinction 
to case 1 (i), however, the limiting velocity obtained at 
saturating concentrations of the one ligand is in general 
dependent on the concentration of the other, thus 

Ut., + ugy = - 
. I  

a 

usyz is the velocity at saturating concentrations of both 
ligands. In terms of the properties of the configurations 

Essentially the same special cases arise as in case 1 (i): if 
the T state is inactive, or if r5 is independent of j we get eq 
17, 18, and 20. In the case where the R state is inactive, the 
first term of A3 vanishes and the resulting equation is, in 
principle, testable though this would be much more difficult 
than for the corresponding situation in the one-site case. 

Case 2 (ii).  The general equation for this case (A4) is 
simpler than for the cases 1 due to the facts that the R state 
is necessarily inactive and that the T state too is inactive in 
the absence of x. The equation is 

where vSx is the velocity at saturation by x in the absence of y, 
u ~ x y  that a t  saturation by both x and y. Analogously to 
previous cases 

while 
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T’’  being the rate constant for decomposition into product 
of the complex TX. 

At saturating concentrations of y ,  the effect of x on c 
obeys Michaelian kinetics, with a maximum velocity c,,,. 
and a Michaelis constant of sib. Equation A4 can be tested 
in the general case. 

The expression which multiplies the function 3 in A4 is 
an expression for a mixed partial competitive, partial non- 
competitive effect of y. Special cases that arise are the fol- 
lowing: when (1) T ”  is independent ofj ,  then caXy = cSx and this 

j (2) if either B: or B,’ is independent of . j  for all j for 
which T’-’ # 0, then a‘ = bia and the exmession 

NOW the velocity CR of protomers in states other than T 
is an  arbitrary function of R = 1 - (T). and hence of ((y) -1- 
u (2)). We shall therefore write 

~lii = (E)W(Y) + 4 ~ ) )  

where 

I’ p[ 2- p I Y 1  + B,ld 
4 L.1 

i=oLL1] 2 rL!‘CLi3(1 j + B;p)li 

-_________ 
expression becomes one for a partial competitive effect N P )  = 

becomes one for a partial noncompetitive effect; (3 j i f  both 
conditions 1 and 2 hold, A4 simplifies to give eq 22. 

Methods 

We conclude this appendix, giving an example of the 
methods whereby the equations cited in these appendices 
may be arrived at, as well as those equations that turn out 
identical to those derived in section 1. We take as our example 
case 1 (i) under condition b. We ask first of all, what is the 
overall rate of catalysis DT by protomers which are in the 
state T ?  

(T’) = (T’XoYo) + (T’XiYo) + (T’XoYJ 

For the total quantity of T we have 

Hence 

which is of the form 

where cy and y are constants. Now (T) = (E.T), and the 
constants YcyE and iyE are readily identified with u.). and 
cSz. The above expression then gives us the right-hand term 
o f e q A l .  

The total velocity of the enzyme is the sum of that due to the 
R and T states 

giving A1 

Appendix 2 

Here we state the effects upon the constants a and b of a 
third ligand x ,  bound in an arbitrary fashion to the configura- 
tions composing T as well as to other configurations. These 
effects are as follows. 

(i) The One-Site Case. Under either hypothesis a and b 
the constant a is unchanged by the introduction of x if the 
latter is bound by the same site as w and $. If x is bound 
to a different site, then a is unchanged under hypothesis a ,  
but under hypothesis b changes according to the equation 

where E and ( are constants 

(ii) The Two-Site Case under H).pothesis b. If x is bound to 
the w site, then b is unchanged by x ,  but a changes according 
to 

if x is bound to the $ site then the ratio b,’a is unchanged by 
x, but 

and similarly 
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In the case where x is bound to a site on  the protomer different References 
from both the w and the + sites, a, b, and a/b may all change 
and Buc, H. (1967), Biochem. Biophys. Res. Commun. 28, 59. 

BUC, M. H., and Buc, H. (1967), in Regulation of Enzyme 
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title footnote). 

ABSTRACT: The metabolism and subcellular distribution of 
25-hydroxycholeca1cifero1, a biologically active metabolite of 
cholecalciferol (vitamin D3) was investigated in the intestinal 
mucosa of vitamin D deficient rats. The mucosal nuclear 
fraction accumulates approximately 50 and 25 z of the total 
cellular 3H after administration of 0.025 and 0.25 pg of 
[26,27-3H]-25-hydroxycholecalciferol, respectively. Both 1,2- 
3H- and 26,27- 3H-labeled 25-hydroxycholecalciferol are con- 
verted in0 ico by the intestinal mucosa into polar metabolites, 
referred to as peak V and peak VI. Within 30 min after a 
0.025-llg dose of [26,27- 3H]-25-hydroxycholecalciferol, 72 z 

T he currently accepted model for vitamin D action in the 
small intestine proposes that specific genetic information is 
unmasked in response to the vitamin, leading ultimately to 
the synthesis of specific functional protein(s) involved in a 
calcium transport system (DeLuca, 1967). A response in 
calcium absorption is known to lag several hours after 
administration of vitamin D and recent evidence partially 
explains the reason for this lag period. First it has been con- 
clusively established that vitamin D3 (cholecalciferol) must 
be converted enzymatically by the liver into an “active form” 
(Ponchon and DeLuca, 1969a; Horsting and DeLuca, 1969) 

* From the Department of Biochemistry, University of Wisconsin, 
Madison, Wisconsin 53706. Receiaed Nowmber 14, 1969. Published 
with the approval of the Director of the Wisconsin Agricultural Experi- 
ment Station. Supported in part by Grant AMO-5800-08 from the U. S. 
Public Health Service. 

t Recipient of U. S .  Public Health Service Postdoctoral Fellowship 

2 To whom all inquiries should be addressed. 
NO. 7-F02-AM-41, 810-01A1. 

of the nuclear radioactivity is peak VI, the more polar of the 
two metabolites. Two hours after the dose the relative amount 
of peak VI steadily decreases and after 8 hr peak V has in- 
creased to 58 z of the total tritium-containing metabolites 
in the nuclear fraction. The time course of appearance of 
these metabolites indicates peak VI is the probable precursor 
of peak V. The paucity of these polar metabolites in the cyto- 
plasmic fractions suggest they are of nuclear origin and hence 
may be of significance in understanding a t  the nuclear level 
the mode of action of vitamin D on the calcium transport 
mechanism in the small intestine. 

which has been identified as 25-hydroxycholecalciferol (Blunt 
et al., 1968a).l The next important event in vitamin D action 
occurs at  o r  in the nucleus of the intestinal mucosal cell 
where the vitamin and its metabolites accumulate (Stohs 
and DeLuca. 1967). Then by an unknown mechanism, a 
metabolite of vitamin D stimulates the synthesis of nuclear 
RNA, as demonstrated by the increased incorporation of 
[3H]oro t i~  acid into nuclear RNA (Stohs et al., 1967) as well 
as the increased DNA template activity of these cells (Hallick 
and DeLuca, 1969). Presumably this nuclear RNA includes 
specific mRNA which codes for the protein components 
of the calcium transport system. Both of these nuclear 
responses occur well before any detectable response in the 
calcium transport mechanism (Blunt et al., 1968b; Wasser- 
man and Taylor, 1968), but undoubtedly RNA synthesis 
adds substantially to the lag in vitamin D action. 

1 This compound may also be referred to as 25-OH vitamin Da, 25-  
HCC, or peak IV. 
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